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Abstract 

Using the differential geometry of curves and surfaces, the L-equivalent 
soliton equations of the some (2-1-1) - dimensional integrable spin sys¬ 
tems are found. These equations include the modified Novikov-Veselov, 
Kadomtsev- Petviashvili, Nizhnik-Novikov-Veselov and other equations. 
Some aspects of the connection between geometry and multidimensional 
soliton equations are discussed. 
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1 Introduction 


The relation between geometry and soliton equations has been the subject 
of continued interest in recent years[1-9]. In general the connection between 
geometry and nonlinear partial differential equations(NPDE) has the long his¬ 
tory (for a historical review, see, e.g., [4]). Spin systems (which are the impor¬ 
tant from physical and mathematical point of views subclass of NPDE) are a 
good laboratory to demonstrate and to understand the connection of geometry 
and NPDE. The first representative of integrable spin systems is the isotropic 
Landau-Lifshitz equation(LLE) [2,10] 

St = SAS,, ( 1 ) 

where 5^ = E = ±1. Here and hereafter subcripts denote partial derivatives. 
Pioneering work by Lakshmanan [2] showed that the LLE (1) is equivalent to 
the known nonlinear Schrodinger equation(NLSE) 

iQt + Qxx + 2E I ? P (? = 0 (2) 


for the case E = -|-1 (for the case E = — 1 the such equivalence was established 
in [17]). This equivalence in [17] we called the Lakshmanan equivalence 
or shortly L-equivalence. As well known between equations(l) and ( 2 ) take 
place the gauge equivalence [15]. 

Let us, first, we briefly recall some of the well known facts on the geometrical 
formalism that used in [ 2 ], with the minor modifications (including the case 
E = —1) of ref. [17]. Consider the motion of curves which are given by 
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Hence we have 

Ct-G, + [C',G] =0 


(3a) 


(36) 


( 4 ) 


Here ei, 6 * 2,63 denote respectively the unit tangent, normal and binornal vectors, 
defined in the usual way, k and r are respectively the curvature and torsion of 
the curve. Note that (3a) is the usual Serret-Erenet equation (SEE). If S' = ei, 
then the function q = satisfies the NLSE(2), that is, equations(l) and 

(2) are L-equivalent each to other. 
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As known recently many efforts have been made to study the (2+l)-dimensional 
integrable NPDE[11-14]. Here we have the interesting fact: the (1+1) - dimen¬ 
sional integrable NPDE admit some number (not one) integrable (and nonin- 
tegrable) (2+1) - dimensional generalizations. So, for example, the LLE(l) has 
the following (2+1) - dimensional integrable and nonintegrable extensions: 

1°. The Myrzakulov I (M-I) equation[17] 

St = {S A Sy + uS)x (5a) 

Ux = -S(^Sx A Sy) (56) 

2°. The Myrzakulov VIII (M-VIII) equation[17] 

^ [Sxx , *5'] + iwSx (6a) 

Wy = ^ir(S[Sx,Sy]) (6b) 

3°. The Ishimori equation [17] 

iSt + ^[5, (^Sxx + oi^Syy)] + iuySx + lUxSy = 0 (7a) 

2 1 

CX Uyy '^'^XX — 

4°. The Myrzakulov IX (M-IX) equation [17] 

iSt—[S, MiS]A 2 SXAiSy = 0 (8a) 

M2U = ^tr(S[Sy,Sx]) (86) 

5°. The Myrzakulov XVIII (M-XVIII) equation[17] 

iSt + 2 ~ a(2b + l)Sxy + a^Syy)] + A 2 oSx + Ai^Sy = 0 (9a) 

= ^tr(S[Sy, 5^;]) (96) 

6 °. The (2+1) - dimensional LLE 

St = S A (Sxx + Syy) (10) 

All of these equations in 1+1 dimension reduce to the LLE(l). Note that here 
the Ishimori(7), M-I(5), M-VIII(6), M-IX(8) and M-XVIII(9) equations are 
integrable, at the same time equation (10) is not integrable. 

In the study of the (2+1) - dimensional NPDE naturally arise the following 
questions: 

1°. What is the analog of the SFE(3a) in 2+1 dimensions? 
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Answer: The analog of the 
following set of eqnations: 


SFE(3a) in 2+1 dimensions 


is the 
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( 12 ) 


In [17] , this set of equations was called the Serret-Frenet-Myrzakulov equa- 
tion(SFME). [ Compare the SFME(ll) with the usual SFE(3a)]. Note that 
from the SEME(ll) follows the following conditions 


or in terms of elements 


Cy — Dx + [ C , D ] - 0, 

(13a) 

mi = dfi^{Ty + Ekm2), 

(136) 

m 2 = dfi^{kmi — rmfi) 

(13c) 

"^3 = - Tm2). 

(13d) 


These conditions play a key role in the geometrical interpretation of the (2+1) 

- dimensional NPDE from the integrability point of view. In particular, as it 
seems to us, these conditions suggest to us, how find the integrable reductions 
of the (2+1) - dimensional NPDE. Let us return to questions. 

2°. What is the (2+l)-dimensional version of the L-equivalence? 

3°. How find the L-equivalent eounterparts of the known and new integrable 
and nonintegrable NPDE? 

and so on. May be the some answers of the some these questions were given in 
[17]. It should be noted that the SFME(ll) plays a key role in our construction. 
The other new moment of our formalism, that is, it contain both cases: the 
focusing version when E = +1 (the Euclidean case) and the defocusing case 
when E = —1 (the Minkowski case). 

Third, the central element of our construction is the Myrzakulov - O(M-O) 
equation. Let us consider an- dimensional space with the unit basic vectors 
ej,j = l,2,...,n. Let S' = e), 5^ = ef = E = ±1. Then, for example, the (3+1) 

- dimensional M-0 equation reads as [9] 


n 


St — ^ OjOj 
i=2 

n 

(14a) 

Sx = '^ bjij 
i=2 

n 

(146) 

~ X/ 6i6j 

i=2 

(14c) 
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n 

^2 = ^ djij (14(i) 

j =2 

In this paper we consider the some integrable reductions of the (2+1) - 
dimensional M-0 equation. Using the geometrical formalism the L-equivalent 
counterparts of the some (2+1) - dimensional integrable spin systems were 
found. 

2 The Myrzakulov XVII equation 


The Myrzakulov XVII(M-XVII) equation 


St = - Is^yy + CA + C2Sy + CsS, 

V, + iVy = i[(52 + ^2)^ _ i (52 ^ 


(15a) 


(156) 


was introduced in [17] and arises from the compatibility conditions of the linear 
problem 

% = 4>t = + B 2 ^xx + (16) 

Here 

B2 = -SS„ Bi = -SS,,+-i^,+S^y+8V+8V)I+-{V-V)S+-S{S„ Sy}+-S,y 
Cl = f^iSl + S^y + 8U + 8U), C2 = ^i2iV - 2iV - Sjy), 

Cs = -l{[V + V- + l{Sjy)y}S = \s{3S,yy - S^xx), 

S = { 81 , 82 ) is the spin vector, S‘^ = E = ±1, V is scalar function, S = 

X]|=i SkCTkiS^ = 0), cjfc are Pauli matrix. 


CJl = 


0 1 
1 0 


, 0-2 = 


0 -i 
i 0 


0-3 = 


1 0 
0 -1 


It is convenient sometimes the following form of the M-XVII equation 


where 2 : 


St = ^22. + + C-S, + C+S, + C 3 S, 


Vs = -{S,Ss), 


X + iy. 


(17a) 

(176) 


3 The Serret-Prenet-Myrzakulov equation and the 
mNVE as the L-equivalent counterpart of the M- 
XVII equation 

In this section we find the L-equivalent counterpart of the M-XVII equation(15). 
To this purpose, following[17] we consider the motion of 2-dimensional curves. 
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The Serret-Frenet-Myrzaluov equation(SFME) in this case has the form[17] 


0 k 
—Ek 0 


0 m 
—Em 0 


where m = ^ky. [ Compare the SFME(18) with the usual SFE 


-HZ)’ I 


At the same time the time evolution of curve is specified by 


=G H 


Here ek are a unit basic vectors, 


0 to \ 

—E(jj 0 / ’ 


k is the curvature of curve. From these equations we have 
Cy-D, + [C, D] =0, Ct-G, + [C, G] =0, Dt - Gy + [D, G] = 0. (22) 


So we get 


Let S = ei- Then we obtain 


kt — 


1 1 

uj = -^{kxx — ^kyy) — -^{k^ ~ kmH + cik + C2m. 


Cl = —(/c^ + + 8E + 8E), C 2 = ^(^iV — 2iV — km). 

16 4 

Now introduce the following new real function 

q=[kHA+{d-^ky)^H (25) 

It is not difficult check that this function satisfies the following modified Novikov- 
Veselov equation(mNVE) 

3 - 3 - 

Qt = {Qzzz + ‘iVq^ + - Vzq) + {q^sz + SVq^ + (26a) 


C, = {qHz- 
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where z = x + iy. As well known this equation was introduced in [26] and is 
associated with the Lax representation 


^rriNV ^ ^ 


d —q 
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(27a) 
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So we have proved that the mNVE(26) and the M-XVII equation(15) are L- 
equivalent each to other that coincide with the fact that these equations too 
are gauge eqivalent each to other [16]. 


4 The related spin systems and their L-equivalents 

4.1 The Myrzakulov XI equation 

The mNV equation(26) is the some modification of the Novikov - Veselov equa- 
tion(NVE) 

Qt = Qzzz + Qzzz + (E q)z + (V q)z, (28a) 

E, = 3{q‘^)z. (286) 

The NV equation(28) was introduced in[24-25]. In contrast with the mNVE, 
the NVE(28) is associated with the {L,A,B)- triple 

^ ^ 0^ (29) 

L^^ = dB + q, A = {B^ + VB) + {B^ + VB), B = BV + BV. (30) 
Let us consider the other form of the NVE 

qt = otqxxx + PQyyy “ ^o;{vq)x - 3j3{wq)y (31a) 

Wx = qy (316) 

Vy = qx- (31c) 

This equation is the compatibility condition of the linear problem 

(pxy = q4> (32a) 

(pt = CXfpxxx (^Pyyy ^OiVcjBx S/Swpy (326) 

and introduced in [24-25]. Here note the NVE(31) is the Lakshmanan equivalent 
to the following (2+l)-dimensional integrable spin model - the socalled M-XI 
equation [17] 

St = jSx (33) 
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with 


= aqxxx + I3qyyy “ ‘ia{vq)x - 3P{wq)y 


(34a) 

(346) 

(34c) 


Vy = k 
Wx = m 

where q = d~^k. 

4.2 The Myrzakulov X equation 

Similarly we can show that the M-X equation 

St = (3/?^ + kxx + 3a‘^w)k~^ Sx (35a) 

'^xx — ^yy (356) 

is equivalent to the famous Kadomtsev - Petviashvili equation(KPE) 

{qt Qqqx qxxx^x — 3 q ; qyy ( 36 ) 


with q = k. 

5 Conclusion 

We have discussed the differential geometrical approach to study the some prop¬ 
erties of soliton equations in 2-|-l dimensions. Using the geometrical formalism 
which was presented in[17], the L-equivalent counterparts of the some inte- 
grable (2-1-1) - dimensional spin systems are obtained. So we have shown that 
the Lakshmanan equivalent soliton equations of the M-XVII, M-XI and M-X 
equations are the well known modified Novikov - Veselov, Novikov - Veselov 
and Kadomtsev - Petviashvili equations respectively. Finally note that the 
some other aspects of the some spin systems were considered in [19-23]. 

6 Appendix A: On the some integrable (2+l)-dimensional 
spin systems 

6.1 The Myrzakulov IX equation 

We note that the M-XVII equation(15) is related with the Myrzakulov - IX(M- 
IX) hierarchy 

iSt—[S, MiS]A 2 SXAiSy = 0 (37a) 

M2U = ^tr{S[Sy,Sx]) (376) 

where a, 6, a= consts and 

<5 = (yf+ = iS2, 52 = 1, r^ = ±1 
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q2 q2 q2 

oy^ oxoy ox^ 

q2 q2 q2 

M2 = 'k~ 2 ~ Oi{2a + 1)-^—^—h a{a + 1)^^; 

oy^ oxoy Ox^ 

Ai = 2 i{{ 2 ab + a + b)ux — { 2 b + l)auy} 

A 2 = 2 i{{ 2 ab + a + b)uy — a~^{ 2 a^b + + 2 ab + b)ux}- 

These set of equations is integrable and the Lax representation of the M-IX 
equation(37) is given by[17] 


a<hj, — —[<5 + (2a + l)/]<f>a; 

= 2 “I" + ^)b]^xx + — W^2 


(38a) 

(386) 


with 


Wi = W -W 2 = i2b + 1)E + (26 - a + -)SSx + (26 + 1)F5 

W 2 = W - Wi = FI + -Sx + ES + aSSy 

2 ^ 

^ i ^ i , (2a + l)tta. 

2a ’ 2^ a 

It is well known that the M-IX equation(37) is equivalent to the following 
Zakharov equation[13] 

iqt + Miq + vq = 0, (39a) 

ipt — Mip — vp = 0, (396) 

M 2 V = —2Mi{pq), (39c) 

where v = i{cii — C 22 ), P = Eq. It is interest note that the M-IX equation(37) 
admits the some integrable reductions. Let us now present these particular 
integrable cases. 


6.2 

The Myrzakulov VIII equation 


Let 6 = 

= 0. Then equations(37) take the form 



iSt = ^[S^^,S]+iwS^ 

(40a) 


wv = ^i?’(5’[5’^,S',,]) 

(406) 

where 

^ a -|- 1 a 

C = X+ y, ri= X y, w = u^, 

a a 


which is the M-VIII equation[17]. The equivalent counterpart of the M-VIII 
equation(40) we obtain from(39) as 6 = 0 


iqt + + vq = 0, 

(41a) 


Vri = -2r‘^{qq)^, 

(416) 

which 

is the other Zakharov equation[13]. 
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6.3 The Ishimori equation 

Now consider the case: a = 6 = — In this case equations(37) reduces to the 
well known Ishimori equation 

iSt + ^[5, {^Sxx + oi^Syy)] + iuySx + lUxSy = 0 (42a) 

^ 1 q,2 

= —tr{S[Sy, 5a;]) (426) 

The equivalent counterpart of the equation(42) is the Davey-Stewartson equa¬ 
tion ^ 

iqt + + vq = 0 (43a) 

= -2{a^(M)ra + ^(w)xx} (436) 

that follows from the ZE(39). Note that equations (42) and (43) are gauge 
equivalent each to other[ll]. 

6.4 The Myrzakulov XVIII equation 

Consider the reduction: a = — Then (37) reduces to the M-XVIII equa- 
tion[17] 

iSt + 2 ~ q;( 26 -|- l)5a;j, + a^Syy)] + 4.2o5a; + 4.io5j, = 0 (44a) 

= '^tr{S[Sy, 5a;]) (446) 

where Ajq = Aj as a = The corresponding gauge equivalent equation 

obtain from(39) and looks like 

iQt + ^qxx - a(26 l)qxy + a^qyy + ug = 0 (45a) 

= -2{a^(pg')yy - a(26 l){pq)xy + ^{pq)xx} (456) 

Note that the Lax representations of equations(40), (42) and (44) we can get 
from (38) as6 = 0,a = 6 = —^ and a = — ^ respectively. 

7 Appendix B: Differential geometry of surfaces and 
the M-XXII equation 

Consider the Myrzakulov (M-XXII) equation[17] 

-iSt = ^([5, Sy] + 2iuS)x + ^Li5a; - 2ih^Sy (46a) 

Ux = -S{Sx A Sy), Vix = ^(Sx)y, (466) 
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where S = {Si, S 2 , S^) is a spin vector, S'^ = E = ±1. These equations are 
integrable. The corresponding Lax representation is given by[17] 

= {-i(A2 - b^)S + (47a) 

= 2X‘^^y + {(A^ - b^){2A + B) + {X- 6)C}$ (476) 

with 

A = ^{[S,Sy]+2iuS)+^ViS, B=^-ViS, C =-^SS,+^{S,y-[S,, A]}. 
Here spin matrix has the form 

^ = {fs+ I 53 ) ’ *5' = = 5i ± iS2. 

Now find the Lakshmanan equivalent counterpart of the M-XXII equation 
(46) for the case E = +1 (for the case E = —1, see, e.g., [17]). To this end we 
can use the two geometrical approaches(D- and C-approaches). Let us use the 
C-approach, i.e., the surface approach. Consider the motion of surface in the 3- 
dimensional space which generated by a position vector f{x,y,t) = f{x^ ,x‘^,t). 
According to the C-approach, x and y are local coordinates on the surface. The 
first and second fundamental forms in the usual notation are given by 


I = dfdf= Edx^ + 2Fdxdy + Gdy‘^, II = —drdn = Ldx"^ + 2Mdxdy + Ndy'^ 

(48) 


where 


E = fxfx = gu, F = fxry = gi2, G = fy2 = g22, 


{rx A ry) 


L = nrxx = bn, M = nfxy = bi 2 , N = nfyy = b 22 , n = 

In this case, the set of equations of the C-approach[17], becomes 


rx A ry\ 


ft = Wifx + W 2 fy -I- Wsfi (49a) 

rxx = -|- T\iry + Ln (496) 

rxy = f\ 2 rx Efu'^y + Mfi (49c) 

fyy = r 22 ra; -j" r 22 ry + Nn (49(i) 

nx=Pifx+P 2 fy (49e) 

% = qifx + q2fy (49/) 


where Wj are some functions, are the Christoffel symbols of the second kind 
defined by the metric gtj and gE = {gij)~^ as 


pfe, ^ I dan dgjj 

2 ^ clx* dx^ dx^ 

The coefficients Pi,qi are given by 

Pi = -bijg^\ qi = -b2jg^". 


(50) 


(51) 
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The compatibility conditions fxxy = ^xyx and Vyyx = fxyy yield the following 
Mainardi-Peterson-Codazzi equations (MPCE) 


4 /.' = 0 - ^ = - rt,h. 

where = g^^bu and the curvature tenzor has the form 

Tyl ik I -ps -p/ -ps p'^ 

~ Q^k Qy.j ^ ij'- ks ^ ik'^ js 

Let Z = {rx,ry,nY . Then 
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where 


Hence we get the new form of the MPCE(52) 

Ay — Bx + {A, B] = 0 

Let us introduce the orthogonal trihedral [17] 

rx 


ei = 


VE 


, 62 = n, 63 = 61 A 62 


(52) 

(53) 

(54) 

(55) 

(56) 

(57) 


Let Tx = E = ±1 and E = 0. Then the vectors ej satisfy the following 
Serret-Erenet-Myrzakulov equation(SEME) 
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and the time equation 
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where 


k = ^, T = 


(60) 


Hence we have 

Cy-Dx + [C, D] = 0 , Ct-Gx + [C, G] = 0 , Dt-Gy + [D, G\ = 0 . (61) 
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Now let S = ei- Let us now introduce the new function q by 


Q = ^ - 4r) - 2 b‘^x] 

(62) 

Then the function q satisfies the following equations[17] 


iqt + Qyx + -^[{ViQ)x - V2q - qpqy] = 0 

(63a) 

ipt -Pyx + ^ [{yip)x + V2P - qppy] = 0 

(636) 

II 

II 

1 

(63c) 

where p = Eq. This set of equations is the L-equivalent counterpart of the 
M-XXII equation(46). As it seems to us, equations (63) are new integrable 
equation. We will call (63) the M-XXIIg equation. Now let us consider the 
following transformation 

q' = gexp(-|9,,^|g|2) 

(64) 

Then the new variable q' satisfies the Strachan equation[18] 


m + q'xy + '^{yq')x = ^, yx = E{\q'\^)y. 

(65) 


We see that the M-XXIIq equation(7) and the Strachan equation(22) is 
gauge equivalent to each other. 
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